Abstract -We study the Lie algebra of in nitesimal isometries of 7{dimensional simply connected manifolds with Killing spinors. We obtain some splitting theorems for the action of this algebra on the space of Killing spinors, and as a corollary we prove that there are no in nitesimal isometry of constant length on a 7{dimensional 3{Sasakian manifold (not isometric to a space form) except the linear combinations of the Sasakian vector elds.
proper weak G 2 {structure (k=3) N = 2 Einstein{Sasakian structure N = This restriction to the odd{dimensional case represents actually a very small loss of generality since the only even{dimensional manifolds of nonzero type are the spheres and the 6{dimensional nearly K ahler manifolds ( 1] ).
The Lie algebra of in nitesimal isometries of 7{dimensional manifolds of type 1 is studied in 3]; one obtains several results about the zero sets of Killing vector elds, as well as a characterisation of these vector elds in terms of the weak G 2 {structure. The aim of this paper is to give several new results about the Lie algebra of in nitesimal isometries of manifolds of type 2 and 3, especially in dimension 7. Let (M 2k+1 ; g; ) be a manifold of type 2 (i.e. Einstein{Sasakian and not 3{ Sasakian). The rst result that we obtain is that each in nitesimal isometry of M is an in nitesimal automorphism of the Sasakian structure of M (Theorem 2.1). We next describe the action of the Killing vector elds on the set 2 of Killing spinors on M, which enables us to prove a splitting theorem for the Lie algebra of the in nitesimal isometries of spin Einstein{Sasakian manifolds (Theorem 2.2). In particular, we prove that the Lie algebra of in nitesimal automorphisms of a weak G 2 {structure on a 7{dimensional manifold of type 2 is a subalgebra of codimension 1 in the Lie algebra of in nitesimal isometries. The situation is more complicated for manifolds of type 3 (3{Sasakian manifolds). Here the subalgebra I spanned by the Sasakian Killing vector elds is no more abelian, so a result like Theorem 2.1 cannot hold. A closer analisys of the action of the Killing vector elds on the space of Killing spinors, allows us nevertheless to state a splitting theorem in dimension 7, and to deduce that I is in fact an ideal of the Lie algebra of in nitesimal isometries for every 7{dimensional simply connected 3{Sasakian manifold not isometric to S 7 (Theorem 3.1). As a corollary, we prove that every in nitesimal isometry of constant length on a 7{dimensional manifold of type 3 is a linear combination (with constant coe cients) of the Sasakian vector elds (Theorem 4.1 and Corollary 4.2).
Manifolds of type 2
A fundamental tool in all which follows is the Lie derivative of spinors with respect to Killing vector elds. We refer the reader to 7] for the de nition and the basic properties of this operation. Here is a simple but useful result concerning it. is a Killing spinor, too, and as M is not 3{Sasakian, every Killing spinor on M is a linear combination of and . Recall that we work with real spinors, which means that we have an euclidean scalar product on M, with respect to which the Cli ord multiplication by a vector is anti-symmetric. In particular we have (X ; ) = 0 for all X and . Moreover, for every spinor of constant length (so, in particular, for every Killing spinor), we have 0 = X( ; ) = 2(L X ; ), since the Lie derivation with respect to Killing vector elds preserves the euclidean product on M. By Lemma 2.1 we then deduce that L X and L X ( ) are proportional with and respectively. Let a 2 R such that L X = a . We then have
and as the left side of this equation is proportional to , the same must be true for L X , which is actually perpendicular to . Thus, L X = 0, which implies L X = 0.
Q.E.D. We now restrict our attention to the 7{dimensional case, and consider a spin manifold M 7 of type 2 (recall that this means that M is Einstein{Sasakian, but not 3{Sasakian). The existence of a Killing spinor on a 7{dimensional manifold M is equivalent to that of a weak G 2 {structure ! ( 3] Proof. (i) We already know that L = a for some a 2 R, and from this it follows that L ( ) = ?a . All we have to show is that a is nonzero. Suppose that L X = 0. Then X is an in nitesimal automorphism of the weak G 2 {structure ! de ned by , so by Theorem 6.1 in 3] we obtain:
On the other hand, (5) (ii) Let us x a Killing spinor as before. Consider the linear function L :
By the preceding discution, L can be also given by
This formula shows that L is in fact a Lie algebra homomorphism, since
The 3 Manifolds of type 3
We now consider a 7{dimensional manifold M of type 3, i.e. a simply connected 3{Sasakian manifold not isometric with the euclidean 7{sphere. Denote by i and ' i := ?r i , i 2 f1; 2; 3g, the 3-Sasakian structure. It is easily seen that the structure group of the frame of oriented orthonormal bundles on M restricts to SU(2), which can be viewed (being simply connected) as a subgroup of Spin (7), so M is automatically spin. M is also Einstein, by a theorem of Kashiwada ( 6] 
Using (8) and (9) 
where is the signature of the permutation fi; j; kg.
Let us now compute the Lie derivative of the spinors i with respect to j . As L 1 preserves H 1 , L 1 3 lies in H 1 . Moreover it is orthogonal to 3 , so there is some a 2 R such that L 1 3 = a 2 . Taking the Lie derivative with respect to 1 in 2 3 = " 1 and using the de nition of the 3{Sasakian structure we obtain "L 1 1 = 3 3 + a 2 2 . This is orthogonal to all of the i , as easily follows from (11). On the other hand, L 1 1 2 H by Lemma 2.1, so L 1 1 = 0. This implies that 3 3 + a 2 2 = 0, so a = ?1 (by (11)) and hence L i j = k ;
where denotes the signature of the permutation fi; j; kg, with the convention = 0 if fi; j; kg 6 = f1; 2; 3g.
We are now ready for the main result of this section. As in the Einstein{Sasakian case, there is a natural bijection between the 3{dimensional vector space H of Killing spinors and the set of weak G 2 {structures G 2 (M), and we consider the real representation l of i(M) on G 2 (M) given by the Lie derivative via the above bijection. Let I denote the subalgebra of i(M) spanned by 1 , 2 and 3 . The last assertion follows from (12). Taking the Lie derivative of (11) with respect to X and using (iii), we see that L X i j = 0, so L X i = 0.
Q.E.D. 4 In nitesimal isometries of unit length on 7{ dimensional manifolds of type 3
As a rst application of the above result we have the following We will now check the relation (18) in each of the cases a) { e) using the de nition of the 3{Sasakian structure and the above lemma. a) R(' 1 (X); X)X = ?r X r ' 1 (X) X = ?r X ( 1 ? f 1 X) = ' 1 (X) = g(X; X)' 1 (X) ? g(X; ' 1 (X))X; b) R(X; ' 1 (X))' 1 (X) = r X (?2f 1 ' 1 (X)) ? r ' 1 (X) ( 1 ? ?g(' 2 (X); ' 3 (X))' 1 (X); e) R(' 1 (X); ' 2 (X))X = r ' 1 (X) ( 2 ? Xf 2 ) ? r ' 2 (X) ( 1 ? Xf 1 ) + 2r 3 X = ' 3 (X) ? f 1 2 ? f 2 ( 1 ? Xf 1 ) + 2f 1 f 2 X +' 3 (X) + f 2 1 + f 1 ( 2 ? Xf 2 ) ? 2f 1 f 2 X ? 2' 3 (X) = 0 = g(X; ' 2 (X))' 1 (X) ? g(X; ' 1 (X))' 2 (X):
In order to complete the proof of the theorem, we remark that, N being dense in M, the sectional curvature of M has to be constant on the whole M, so by simply connectedness, M is isometric to S 7 .
Q.E.D. 
